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1 Introduction











is a time-depending Riemannian metric on M and Ric
t
the Ricci tensor w.r.t. g
t
.
On a compact Riemannian manifold (M; g) equation (1) has a unique solution, called Ricci
deformation of g, on a maximal time-interval 0  t <   1 with initial metric g at t = 0.
Let g
t





















k denotes the norm of Ric
t
.
Several interesting results are deduced from equation (2) and the maximum principle for the
control of the scalar curvature. We refer to [Au], [Ha1], [Ha2], [Hu] and [DeT] for more details
about Ricci ow.




satises a relative simple dierential equation depending
on the scalar curvature R
t






In the next section we recall some results on the scalar curvature that we will use in the third
section, where we give some estimate results on the volume density function.
2 Scalar curvature in Ricci ow
Let (M; g) be a compact n-dimensional Riemannian manifold and g
t
a Ricci deformation of g
for t 2 [0; [. Let R and R
t
denote the scalar curvatures of g and g
t
respectively. From equation
(2) and the maximum principle the following hold:
Proposition 2.1 ([Ha1])
Assume R > 0 : Then R
t
> 0 for all t 2 [0; [ :
More generally if there exists a constant c > 0 such that R  c, then
R
t







(t) be the components of the metric g
t
, the curvature tensor of g
t









































is the volume element
w.r.t. g
t
. We have the following result:
2
Proposition 2.2 ([Au])


























dt = +1 :
The results contained in the two propositions above have several important geometric conse-
quences for the manifold. For example they permit to show that a compact 3-dimensional Rie-
mannian manifold (respectively 4-dimensional Riemannian manifold), which has strictly positive
Ricci curvature (respectively strictly positive curvature tensor), carries a metric of constant pos-








3 Evolution of the volume density function
Let (M; g) be a compact n-dimensional Riemannian manifold and g
t
a Ricci deformation of g
for t 2 [0; [. It is easy to check that the volume density function 
t
















for all t 2 [0; [ ();
where 
g
denotes the volume density function w.r.t. g.
It follows from (*) and Proposition 2.1 that, for compact Riemannian manifolds (M; g) with
















(ii) If there exists a constant c > 0 such that R  c, then there exists a constant 0 < k < 1





8 t 2]0; [ :
The following Proposition relates to the conservation of the harmonicity structure of the initial
Riemannian manifold. We have:
3
Proposition 3.1
Let (M; g) be a compact n-dimensional Riemannian manifold and g
t
a Ricci deformation of g
for t 2 [0; [. Assume n  3.
If (M; g) is a harmonic manifold, then for every t 2 [0; [, (M; g
t
) is also a harmonic manifold.
We recall that a harmonic manifold is a Riemannian manifold for which the volume density
is a radial function.
Proof
Assume (M; g) is harmonic. By denition 
g
is a radial function and then (M; g) is an Einstein
manifold (see [Be]). It follows that for all t 2 [0; [, (M; g
t
) is also an Einstein manifold (see
[Ha2]). Thus R
t
is a constant function on M for all t 2 [0; [. By the relation (*) it follows that

t
is a radial function for all t 2 [0; [. Thus (M; g
t
) is harmonic for t 2 [0; [. 












From (*) and Proposition 2.2 we get the following:
Proposition 3.2







is not equal to zero. Then
(a) inf
p2M









denotes the volume element w.r.t. g.
Proof
















































= 0, and (a) is proved.


































































































=  1, and the result is proved. 
4 Distance function and almost ball-homogeneous manifolds
Let (M; g) be a compact n-dimensional Riemannian manifold and g
t
, t 2 [0; [ a Ricci deforma-
tion of g. We denote by d and d
t
the distance function w.r.t. g and g
t
respectively.
On the evolution of the distance function under the Ricci ow, Hamilton established the follow-
ing estimate:
Lemma 4.1([Ha2])
Assume that the curvature Riem of (M; g) is bounded by a positive constant . Then there
exists a constant k depending only on the dimension n such that
e
 kt
d(x; z)  d
t
(x; z)  e
kt
d(x; z) 8 x; z 2M and 8 t 2 [0; [ :
For x 2M and " > 0, let B(x; ") := fy 2M = d(x; y)  "g and
B
t
(x; ") := fy 2 M = d
t
(x; y)  "g be the balls with center x and radius " w.r.t. d and d
t
re-
spectively, and denote by m(x; ") the volume of the ball B(x; ") w.r.t. the metric g and m
t
(x; ")
the volume of the ball B
t




Let 0  Æ < 1 be a constant real number. We say that (M; g) is Æ-almost ball-homogeneous if
8 x; z 2M and 8 " > 0 ; jm(x; ") m(z; ")j  Æ :
If Æ = 0, then (M; g) is the so classically called ball-homogeneous manifold.
From Lemma 4.1 and relation (*) we get the following result:
5
Proposition 4.1
Let (M; g) be an n-dimensional compact Riemannian manifold and g
t
, t 2 [0; [ with  <1,
a Ricci deformation of g. Suppose vol(M; g) = 1 and the curvature Riem of (M; g) bounded by
a positive constant .
If (M; g) is ball-homogeneous, then there exists a constant 0 < Æ < 1, depending on n and 
such that for every t 2 [0; [, (M; g
t
) is Æ-almost ball-homogeneous.
Proof
By Lemma 4.1 we have 8 x 2M , 8 " > 0 and 8 t 2 [0; [,
B(x; e
 k




(x; ")  B(x; e
kt
")  B(x; e
k
") ;
where k is the constant from Lemma 4.1.

















8 t 2 [0; [ ;
where R
s
denotes the scalar curvature of the metric g
s





















where dv and dv
t


























































8 " > 0 and 8 t 2 [0; [ (  ).
Suppose now that (M; g) is ball-homogeneous. We have then
m(x; e

") = m(z; e

") 8 x; z 2M and 8 " > 0 :


















")  vol(M; g) = 1 8 x 2M and 8 " > 0 :
Put Æ := 1  e
 2





(z; ")  Æ 8 x; z 2M and 8 " > 0 ;
which proves the result. 
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